The hadronic invariant mass spectrum for the inclusive charmless semileptonic decay B → X u eν e is studied. Particular attention is paid to the region s H < m 2 D , which may be useful for extracting the value of |V ub |. The sensitivity of the spectrum to the parameterΛ ≡ m B − m b is explored. Perturbative QCD corrections to dΓ/ds H of order α 2 s β 0 are calculated. For s H ∼Λ m b nonperturbative QCD effects are important and the shape of the invariant mass spectrum is controlled by the B meson matrix element of an infinite sum of local operators. The utility of the hadronic mass spectrum for extracting |V ub | is explored.
The traditional method for extracting |V ub | from experimental data involves a study of the electron energy spectrum in inclusive charmless semileptonic B decay [1] . For a particular hadronic final state X the maximum electron energy is E Recently there has been considerable theoretical progress in our understanding of inclusive semileptonic B decay [2, 3, 4] . It is based on the use of the operator product expansion 
Similar formulae hold for the D and D * masses. The parameters λ 1 and λ 2 are independent of the heavy b quark mass (there is a weak logarithmic dependence in λ 2 ) and are of order Λ 2 QCD . The measured B * − B mass splitting fixes λ 2 = 0.12 GeV 2 . The mass formulae for the B and B * mesons involve not only λ 1,2 but also a parameterΛ, which is the difference between the B meson mass and the b quark mass in the m b → ∞ limit. The measured B semileptonic decay spectrum in the region E e ≥ 1.5 GeV has been used to determinē Λ ≃ 0.4 GeV and λ 1 ≃ −0.2 GeV 2 [5] . Unfortunately the uncertainties from terms of order (Λ QCD /m b ) 3 are quite large [6] . (A linear combination ofΛ and λ 1 is rather well constrained, but the individual values are more uncertain.)
The maximum electron energy in semileptonic b quark decay is m b /2. This is less than the physical endpoint byΛ/2, which is comparable in size to the endpoint region ∆E
Using the operator product expansion and HQET, the effects which extend the electron spectrum beyond its partonic value appear as singular terms in the prediction for dΓ/dE e involving derivatives of delta functions, δ (n) (E e − m b /2). Near the endpoint the electron spectrum must be smeared over a region of energies ∆E e before theory can be compared with experiment. If the smearing region ∆E e is much smaller than Λ QCD , then higher dimension operators in the OPE become successively more important and the OPE is not useful for describing the electron energy spectrum. For ∆E e much greater than Λ QCD , higher dimension operators become successively less important and a useful prediction for the electron spectrum can be made using the first few terms in the OPE.
When ∆E e ∼ Λ QCD there is an infinite series of terms in the OPE which are all equally important. Since ∆E (endpoint) e is about Λ QCD , it seems unlikely that predictions based on a few low dimension operators in the OPE can successfully determine the electron spectrum in this region.
In the future, another possibility for determining |V ub | may come from a comparison of the measured hadronic invariant mass spectrum in the region s H < m effects than is the rate in the hadron energy region E H < m D (in the B rest frame) [8] , since the hadron energy constraint cuts out more of the phase space for states with mass near m D than for the lower mass states. In this letter we explore the utility of the hadronic invariant mass spectrum [9] for determining the magnitude of V ub . The possibility of using the hadronic invariant mass spectrum in B → X c eν e to determineΛ and λ 1 was discussed in Ref. [10] . The technique is promising but awaits better data on dΓ/ds H .
To begin with, consider the contribution of dimension three operators in the OPE to the hadronic mass squared spectrum in B → X u eν e decay. This is equivalent to b quark decay and implies a result for dΓ/dE 0 ds 0 (where
the energy and invariant mass of the strongly interacting partons arising from the b quark decay) that can easily be calculated using perturbative QCD up to order α 
Changing variables from (s 0 , E 0 ) to (s H , E 0 ) and integrating E 0 over the range 
where β 0 = 11 − 2n f /3 is the one-loop beta function of QCD.
In Figs. 1 we plot X(s H ,Λ) and Y (s H ,Λ) as functions of s H forΛ = 0.2, 0.4 and 0.6 GeV.
The MS scheme is used for the strong coupling, and we choose to evaluate α s at the scale √ s H . While Y (s H ,Λ) is sensitive to this choice, the sum of the two terms in the square brackets in Eq. (5) has only a weak scale-dependence. Even though the α 2 s β 0 correction is * For recent discussions of a similar phenomenon in the electron energy spectrum, see Ref. [11] . as large as the α s term, this does not necessarily imply a problem with the perturbative corrections, since there is a renormalon ambiguity of order Λ QCD inΛ which cancels a renormalon ambiguity in the perturbative QCD corrections.
To examine the sensitivity toΛ of an extracted value of |V ub | from the number of events in a region s H < ∆ 2 , we define the dimensionless quantityΓ(∆ 2 ,Λ) by
In Fig. 2 In the low mass region s H < ∼Λ m B , nonperturbative corrections from higher dimension † For example, the order α 2 s β 0 result predicts forΛ = 0.4 GeV that a large fraction (about 40%) of the B → X u eν e events have s H > (1.5 GeV) 2 . Taking Fig. 2 literally and assumingΛ = 0.3 ± 0.1 GeV, the uncertainty in |V ub | would be 17%, but the sensitivity to uncalculated higher order perturbative and nonperturbative effects could be significant. operators in the OPE are very important. Just as in the case of the electron spectrum in the endpoint region [13] , the most singular terms can be identified and summed into a shape function, S(s H ). Neglecting perturbative QCD corrections, we write
It is convenient to introduce the scaled variable y = s H /Λm b and define a dimensionless shape functionŜ(y) =Λm b S(s H ). Then
The matrix elements A n are the same ones that determine the shape functions for the semileptonic B decay electron energy spectrum in the endpoint region and the endpoint photon energy region in weak radiative B decay. Explicitly,
+ terms involving the metric tensor .
The A n 's have dimension of [mass] n , and hence the coefficients A n /Λ n are dimensionless numbers of order one. The first few A n 's are A 0 = 1, A 1 = 0, A 2 = −λ 1 /3, and A 3 = −ρ 1 /3.
Using the equations of motion, ρ 1 can be related to the matrix element of a four-quark operator. In the vacuum saturation approximation, ρ 1 = (2πα s /9)m B f 2 B [5, 14] . Unfortunately, the scale-dependence of this result leaves the value of ρ 1 highly uncertain [6] .
The shape functionŜ(y) is an infinite sum of singular terms which gives an invariant mass spectrum that leaks out beyond y = 1 (i.e., s H =Λm b ). The fraction of events with s H < ∆ 2 is given by
where ǫ(∆) = ∆ 2 /Λm b . Recall that the kinematic point s H = ∆ 2 corresponds to y = ǫ.
Assuming a positive shape function, F (∆) is greater than
provided P (y, ǫ) satisfies the following properties: (i) P (y, ǫ) < 1 for y < ǫ; (ii) P (y, ǫ) < 0 for y > ǫ. The lower bound F (∆) > F P (∆) holds for any such P (y, ǫ). Furthermore, if P (y, ǫ) = P k (y, ǫ) is a polynomial of degree k in y, then only the first k moments, A k , appear in the bound. Setting P k (y, ǫ) = k 0 a ℓ (ǫ) y ℓ , and integrating by parts n times yields
As an illustration of the utility of this bound, consider first the simple quadratic polynomial P 2 (y) = 1 − y 2 /ǫ 2 . This leads to the lower bound
ForΛ = 0.4 GeV and λ 1 = −0.2 GeV 2 , the bound is F (m D ) > 76%. With largerΛ, the bound weakens dramatically. ForΛ = 0.6 GeV and
Once again, an independent determination ofΛ and λ 1 is necessary for these bounds to become useful. For a cubic polynomial, we also need to know ρ 1 . For example, consider
Then the lower bound is
ForΛ = 0.4 GeV and
The dependence onΛ is still the most important, as the latter bound falls to F (m D ) > 69% forΛ = 0.6 GeV. We could improve these bounds by optimizing the coefficients in the polynomial P k . Since the optimization itself will depend onΛ, λ 1 and ρ 1 , it does not seem worth while to proceed along this line at the present time.
If due to experimental resolution one can only use s H < (1.5 GeV) 2 , then the bounds become much weaker. For example, using the cubic polynomial above withΛ = 0.4 GeV and λ 1 = −0.2 GeV 2 , the bound is F (1.5 GeV) > 36% for ρ 1 = 0 and F (1.5 GeV) > 51% for
An alternative is to resort to models for an estimate of the effect of high order terms in the sum in Eq. (8) . As an example, consider the ACCMM model [15, 16] , where the B meson is modeled by a spectator quark with mass m sp and momentum p, and a b quark with momentum − p and effective mass m and
To plot the shape function S(s H ) in the ACCMM model, we neglect the boost from the b quarkb quark rest-frame into the B meson rest-frame (such affects are subleading in the the sensitivity to the shape function is much greater. For the three models in Fig. 3 , the fraction of B → X u eν e decays with s H > (1.5 GeV) 2 is 15%, 16%, and 15%, respectively.
One should not conclude from the approximate agreement between these models that the uncertainty in these predictions for the leakage is less than a factor of two.
The larger the value ofΛ, the larger the fraction of B → X u eν e decays that leak out beyond s H = m will be important to compare the extracted value of |V ub | from the hadronic invariant mass spectrum with its value from other determinations, such as from exclusive decays [19] .
